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Abstract
We investigate the vortex-type BPS equations in the ABJM theory without and with
mass-deformation. We systematically classify the BPS equations in terms of the number of
supersymmetry and the R-symmetries of the undeformed and mass-deformed ABJM theo-
ries. For the undeformed case, we analyze the N = 2 BPS equations for U(2)×U(2) gauge
symmetry and obtain a coupled differential equation which can be reduced to either Liouville-
or Sinh-Gordon-type vortex equations according to the choice of scalar functions. For the
mass-deformed case with U(N)×U(N) gauge symmetry, we obtain some number of pairs of
coupled differential equations from the N = 1, 2 BPS equations, which can be reduced to the
vortex equations in Maxwell-Higgs theory or Chern-Simons matter theories as special cases.
We discuss the solutions. In N = 3 vortex equations Chern-Simons-type vortex equation
is not allowed. We also show that N = 52 , 32 , 12 BPS equations are equivalent to those with
higher integer supersymmetries.
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1 Introduction
After the first construction of the N = 8 superconformal Chern-Simons theory (SCS) based
on the three algebra by Bagger-Lambert-Gustavsson (BLG) [1, 2], an N = 6 SCS theory with
2
U(N)×U(N) gauge symmetry was constructed by Aharony-Bergman-Jafferis-Maldacena (ABJM) [3].
The latter theory includes a large class of SCS theories depending on the rank of the gauge group
N and the Chern-Simons level k. This ABJM theory was proposed as a low energy effective action
of N coincident M2-branes on the C4/Zk orbifold fixed point and was conjectured to be dual to
type IIA string theory on AdS4 × CP3 (N 15 ≪ k ≪ N) or M-theory on AdS4 × S7/Zk (k ≪ N 15 )
in the large N limit.
There has been significant progress in understanding the dynamics of M2-branes in M-theory
by the BLG and ABJM theories. One direction of this progress might be obtaining solitonic
objects which can be identified with M-theory branes, such as M2- and M5-branes. In the BLG
theory, the composite of M2- and M5-branes [4, 5], the domain wall solutions [6], and some vortex-
type BPS configurations [7] were obtained without and with mass-deformation and also possible
BPS equations were classified [8, 9]. Similarly, in the ABJM theory, the composite of M-branes
and domain wall solutions [10, 11, 12], the vortex-type solutions [13, 14, 15], and the classification
of BPS conditions of intersecting M-branes [16] were studied. For the vortex-type solutions in
the ABJM theory, N = 1 Chern-Simons vortex-type BPS equations [13] and Yang-Mills Higgs
vortex-type N = 3 BPS ones were obtained [14, 15] and the existence of the corresponding vortices
with N = 3 supersymmetry was discussed [17]. Vortex solutions in the nonrelativistic limit of the
ABJM theory have been studied in Ref. [18].
As we already know, the mass-deformed BLG and ABJM theories have sextic bosonic potentials
with the symmetric and broken vacua. In this reason, these theories can be understood as more
complicated Chern-Simons-Higgs theories. So in specific limits of the vortex-type BPS equations
in the BLG and ABJM theory, one can obtain the vortex configurations which were widely studied
in Abelian and non-Abelian Chern-Simon-Higgs theories [19, 20, 21, 22, 23].
In Ref. [16] the BPS equations preserving various supersymmetries in the undeformed ABJM
theory were classified and the corresponding BPS configurations were interpreted as known BPS
objects in M-theory. In this paper, we recapitulate the classification of the vortex-type BPS
configurations of the undeformed and mass-deformed ABJM theories in terms of the number of
remaining supersymmetry and SU(4) and SU(2)×SU(2)×U(1) R-symmetries, respectively. Then
we reproduce the resulting BPS equations by reshuffling the energy expression, thereby obtaining
the BPS energy bound. An unusual quantity we consider here is the stress tensor which is the
spatial component of the energy-momentum tensor. It has been argued [24] from the viewpoint
of supersymmetry algebra that the stress vanishes for BPS configurations. We explicitly check it
for the ABJM theory. We will see that this can actually be a useful method to obtain consistency
conditions for BPS equations in case of lower supersymmetries.
The main concern of the paper is to study possible solutions of the vortex-type BPS equations
for various supersymmetries. We have already considered the half-BPS (N = 3) case in [14]. In
this paper we extend our analysis to less supersymmetric cases: N = 2, 1 and N = 5/2, 3/2, 1/2.
Since the BPS equations get complicated as the number of supersymmetries are smaller, it would
not be feasible to find the most general solutions. With suitable ansatzes, however, we show that
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for some N = 2 and N = 1 cases the equations reduce to well-known equations such as the
vortex equation in the Maxwell-Higgs theories and Chern-Simons-Higgs theories [19, 21, 22]. We
compute the energies and the angular momenta for the solutions.
For half-integer supersymmetric cases, we show that the supersymmetries of the solutions to
the BPS equations in mass-deformed theory are actually enhanced to integer ones. For example,
N = 5/2 BPS equations are shown to be identical to N = 3 BPS equations. Also N = 3/2
cases are enhanced to either N = 3 or N = 2 cases depending on the supersymmetric conditions.
Similarly N = 1/2 BPS equations are equivalent to N = 1 BPS equations. It turns out that the
stress tensor is a useful quantity to show these enhancement.
The remaining part of this paper is organized as follows. In section 2 we briefly review the
ABJM theory without and with mass-deformation to fix the notation. In section 3 we recapitulate
the N = 3 vortex-type BPS equations obtained in Refs. [14, 15] and consider more general BPS
configurations with finite energy bounds in the mass-deformed case. In sections 4 and 5 we
systematically analyze the N = 2 and N = 1 BPS equations, respectively. For the undeformed
case in section 4, we obtain a coupled differential equation which can be reduced to either Liouville-
or Sinh-Gordon-type vortex equations in special choices of scalar functions. For the mass-deformed
case, we obtain some number of pairs of coupled differential equations which have appeared in
U(1)×U(1) Chern-Simons system [25]. We show that these differential equations are reduced
to vortex equations in Maxwell-Higgs theory or Chern-Simons matter theories, according to the
choices of scalar functions. Difference between N = 2 case and N = 1 case is also discussed. In
section 6 we show that the N = 5
2
, 3
2
, 1
2
BPS equations are equivalent to those with higher integer
supersymmetries. Section 7 is devoted to conclusions and discussions. In appendix A we add the
analyses of two more cases of BPS vortex equations with N = 1, 2 symmetries.
2 ABJM Theory without and with Mass Deformation
In this section we briefly review the ABJM theory and its mass deformation to fix the notation.
The ABJM theory is anN = 6 superconformal U(N)×U(N) Chern-Simons gauge theory with level
(k,−k), coupled to four complex scalars and four fermions in the bifundamental representation,
SABJM =
∫
d3x
{
k
4π
ǫµνλtr
(
Aµ∂νAλ +
2i
3
AµAνAλ − Aˆµ∂νAˆλ − 2i
3
AˆµAˆνAˆλ
)
− tr(DµY †ADµY A)+ tr(ψA†iγµDµψA)− Vferm − V0
}
, (2.1)
where A = 1, . . . , 4 and
DµY
A = ∂µY
A + iAµY
A − iY AAˆµ.
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We choose real gamma matrices γµ with the convention γ2 = γ0γ1. An explicit representation
would be
γ0 = iσ2, γ1 = σ1, γ2 = σ3. (2.2)
The products of spinors are expressed by ξχ ≡ ξαχα and ξγµχ = ξαγµβα χβ with explicit spinor
indices for two component spinors ξ and χ, α, β =1, 2.
In the action (2.1), Vferm is the Yukawa-type quartic-interaction term,
Vferm =
2iπ
k
tr
(
Y †AY
AψB†ψB − Y AY †AψBψB† + 2Y AY †BψAψB† − 2Y †AY BψA†ψB
− ǫABCDY †AψBY †CψD + ǫABCDY AψB†Y CψD†
)
, (2.3)
and V0 is the sixth-order scalar potential,
V0 = −4π
2
3k2
tr
(
Y AY †AY
BY †BY
CY †C + Y
†
AY
AY †BY
BY †CY
C
+ 4Y AY †BY
CY †AY
BY †C − 6Y AY †BY BY †AY CY †C
)
. (2.4)
It can be written in a manifestly positive-definite form [26, 27],
V0 =
2
3
tr
∣∣∣βBCA + δ[BA βC]DD ∣∣∣2 , (2.5)
where we have introduced the notation |O|2 ≡ O†O, and βABC is defined by
βABC =
4π
k
Y [AY †CY
B]. (2.6)
By adding mass terms to the action, the theory can be deformed [28, 29] in the unique way
which preserve the full N = 6 supersymmetry [6],
∆Vferm = trµψ
†AM BA ψB ,
∆V0 = tr
(
4πµ
k
Y AY †AY
BM CB Y
†
C −
4πµ
k
Y †AY
AY †BM
B
C Y
C + µ2Y †AY
A
)
, (2.7)
where µ is the mass deformation parameter and MBA = diag(1, 1,−1,−1). Combined with (2.5),
the potential Vm in the mass-deformed theory can also be written in a manifestly positive-definite
form [14],
Vm = V0 +∆V0 =
2
3
tr
∣∣∣βBCA + δ[BA βC]DD + µM [BA Y C]∣∣∣2 . (2.8)
It is not difficult to see that the theory is invariant under the following N = 6 supersymmetry
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transformation [3, 6, 30, 10],
δY A = iωABψB,
δψA = γ
µωABDµY
B +
2π
k
[
−ωAB
(
Y CY †CY
B − Y BY †CY C
)
+ 2ωBCY
BY †AY
C
]
+ µM BA ωBCY
C
= γµωABDµY
B + ωBC
(
βBCA + δ
[B
A β
C]D
D
)
+ µM BA ωBCY
C ,
δAµ = −2π
k
(
Y AψB†γµωAB + ω
ABγµψAY
†
B
)
,
δAˆµ =
2π
k
(
ψA†Y BγµωAB + ω
ABγµY
†
AψB
)
, (2.9)
where ωAB are supersymmetry transformation parameters with
ωAB = ω∗AB =
1
2
ǫABCDωCD. (2.10)
Note that the mass deformation affects only the transformation of the fermion fields by an addi-
tional term,
δmψA = µM
B
A ωBCY
C . (2.11)
Equation (2.7) is not the only form of the mass-deformed theory. One can also get mass-deformed
theories in N = 1 or N = 2 superfield formalism for which only part of the supersymmetry is
manifest. It can, however, be shown [14] that they are all equivalent to (2.7) by a suitable field
redefinition.
From (2.8) the vacuum equation of the mass-deformed theory is
βBCA + δ
[B
A β
C]D
D + µM
[B
A Y
C] = 0, (2.12)
which reduces to [29, 14]
βaba + µY
b = 0,
βpqp − µY q = 0,
βbap = β
qa
p = β
pq
a = β
ab
p = 0. (2.13)
where a, b = 1, 2 and p, q = 3, 4. The general solution of these vacuum equations was found in [29]
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and refined in [31],
Y a =
√
kµ
2π


0m1×(m1+1)
. . .
0mI×(mI+1)
M†(mI+1)a
. . .
M†(mf )a


,
Y a+2 =
√
kµ
2π


M(m1)a
. . .
M(mI )a
0(mI+1+1)×mI+1
. . .
0(mf+1)×mf


, (2.14)
where Mma is an m× (m+ 1) matrix,
Mm1 =
√
kµ
2π


√
m 0√
m− 1 0
. . .
. . .√
2 0
1 0

 , M
m
2 =
√
kµ
2π


0 1
0
√
2
. . .
. . .
0
√
m− 1
0
√
m

 .
(2.15)
For the U(N)× U(N) gauge group we have the following constraints
∞∑
m=0
[
mN˜m + (m+ 1)Nˆm
]
= N,
∞∑
m=0
[
(m+ 1)N˜m +mNˆm
]
= N, (2.16)
where N˜m and Nˆm denote the numbers of block of M(m)a and M†(m)a -types, and N˜0 and Nˆ0
represent the numbers of empty columns and empty rows, respectively.
Since we are interested in the classical vortex-type configurations, we consider the Euler-
Lagrange equations of gauge fields Aµ and Aˆµ
k
2π
ǫµνλFνλ = j
µ,
k
2π
ǫµνλFˆνλ = −jˆµ, (2.17)
where
Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ], Fˆµν = ∂µAˆν − ∂νAˆµ + i[Aˆµ, Aˆν ],
jµ = i
[
(DµY †A)Y
A − Y †A(DµY A)
]
, jˆµ = i
[
(DµY A)Y †A − Y A(DµY †A)
]
. (2.18)
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The U(1) currents are obtained by taking trace,
jµU(1) = tr j
µ, jˆµU(1) = tr jˆ
µ, (2.19)
and the corresponding charges are
Q =
∫
d2x j0U(1), Qˆ =
∫
d2x jˆ0U(1). (2.20)
The Gauss’ laws are the time components of (2.17)
B =
2π
k
j0 = i
2π
k
[
Y A(D0Y †A)− (D0Y A)Y †A
]
, (2.21)
Bˆ = −2π
k
jˆ0 = −i2π
k
[
Y †A(D
0Y A)− (D0Y †A)Y A
]
, (2.22)
where B = ∂1A2 − ∂2A1 + i[A1, A2] and Bˆ = ∂1Aˆ2 − ∂2Aˆ1 + i[Aˆ1, Aˆ2] are magnetic fields. The
spatial integral of the left-hand sides of (2.21)–(2.22) gives non-abelian magnetic fluxes
Φ =
∫
d2xB, Φˆ =
∫
d2xBˆ, (2.23)
and taking trace leads to U(1) magnetic fluxes,
ΦU(1) =trΦ =
∮
|xi|→∞
dxitrAi, ΦˆU(1) = tr Φˆ =
∮
|xi|→∞
dxitr Aˆi. (2.24)
As we shall see in the subsequent sections, the BPS equations can also be derived by reshuffling
the bosonic sector of energy-momentum tensor
T µν = tr(DµY †AD
νY A +DνY †AD
µY A)− ηµν
[
tr(DµY †ADµY
A + V0)
]
. (2.25)
For later convenience we introduce energy, linear momentum, and angular momentum, respectively
E =
∫
d2xT 00 =
∫
d2x
[
tr (D0Y †AD
0Y A) + tr (DiY †AD
iY A) + Vm
]
, (2.26)
pi =
∫
d2xT i0 =
∫
d2x tr (D0Y †AD
iY A +DiY †AD
0Y A), (2.27)
J =
∫
d2x ǫij x
iT j0 =
∫
d2x ǫijx
itr (DjY †AD
0Y A +D0Y †AD
jY A). (2.28)
Pressure component is given by every spatial diagonal component of the energy-momentum tensor
and spatial stress is obtained from the off-diagonal component,
P i ≡ T ii (no sum over i), T ij = tr(DiY †ADjY A +DjY †ADiY A) (i 6= j). (2.29)
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Figure 1: Supersymmetric cases for the vortex-type field configurations
The action (2.1) possesses an SU(4) R-symmetry and charge density for the SU(4) rotations
are given by
J0ab = i
[
Y A(Tab)
B
A D0Y
†
B −D0Y A(Tab) BA Y †B
]
, (2.30)
where Tab’s (a, b = 1, 2, 3, 4 and a 6= b) are six generators of SU(4) Lie algebra. The mass
deformation (2.11) breaks the SU(4) R-symmetry to SU(2)×SU(2)×U(1) of which the first SU(2)
rotates (Y 1, Y 2), the second SU(2) does (Y 3, Y 4), and the U(1) transforms (Y 1, Y 2) and (Y 3,
Y 4) with opposite phases. For instance, consider an SU(2) rotation transforming Y 1 → e−iαY 1
and Y 2 → eiαY 2, and then the corresponding R-charge is given by
R12 =
∫
d2x tr J012 =
∫
d2x tr
[
i(Y 1D0Y
†
1 −D0Y 1Y †1 )− i(Y 2D0Y †2 −D0Y 2Y †2 )
]
. (2.31)
In order to obtain the vortex-like BPS configurations, we will impose some supersymmetric
conditions to the supersymmetric parameters ωAB, which reduces the number of supersymme-
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tries. Possible supersymmetries and the corresponding supersymmetric conditions are depicted
schematically in Fig. 1.
3 Vortex-type Objects with N = 3 Supersymmetry
The vortex-type half-BPS solitons have been discussed in [14]. In this section we briefly summarize
the result of our previous work and discuss more general solutions in mass-deformed case.
3.1 BPS equations and bound
Supersymmetric variation of the fermion field ψA in (2.9) is,
0 = γ0δψA
=
[
−δ[BA D0Y C] + γ0
(
βBCA + δ
[B
A β
C]D
D + µM
[B
A Y
C]
)]
ωBC − γ2(D1 − γ0D2)Y BωAB. (3.1)
Now we impose the supersymmetric condition γ0ωAB = isABωAB with sAB = sBA = ±1 to the
equations (3.1), which reduces the number of supersymmetries by half. Then we have the following
BPS equations [14]:
(D1 − isABD2)Y B = 0,
δ
[B
A D0Y
C] − isBC
(
βBCA + δ
[B
A β
C]D
D + µM
[B
A Y
C]
)
= 0, (no sum over B,C). (3.2)
More explicitly, assuming that Y 1 is nontrivial, we have
D1Y
1 − isD2Y 1 = 0, D1Y B = D2Y B = 0 (B 6= 1),
D0Y
1 + is(β212 + µY
1) = 0, D0Y
2 − is(β121 + µY 2) = 0,
D0Y
3 − isβ131 = 0, D0Y 4 − isβ141 = 0,
β313 = β
41
4 = β
21
2 + µY
1, β434 = µY
3, β343 = µY
4,
β323 = β
42
4 = β
23
2 = β
24
2 = 0,
βBCA = 0 (A 6= B 6= C 6= A), (3.3)
where s = ±1.
The BPS equations (3.2) can also be obtained from energy expression (2.26),
E =
1
3
∫
d2x tr
{
2
∑
A,B,C
∣∣∣δ[BA D0Y C] − isBC (βBCA + δ[BA βC]DD + µM [BA Y C])∣∣∣2
+
∑
A 6=B
|(D1 − isABD2)Y A|2
}
+ is tr
∫
d2xǫij∂i
(
Y †1DjY
1 − 1
3
4∑
A=2
Y †ADjY
A
)
− s
3
µ tr
∫
d2x(j0 + 2J012). (3.4)
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For any well-behaved BPS configuration satisfying the BPS equations (3.3), the energy is bounded
by both the U(1) charge (2.20) and the R-charge (2.31),
E ≥ 1
3
|µ(Q+ 2R12)|. (3.5)
One can also reshuffle the stress components of the energy momentum tensor (2.25),
Tij =
2
3
ηij Re tr
{[
δ
[B
A D0Y
C] + isBC(β
BC
A + δ
[B
A β
C]D
D + µM
[B
A Y
C])
]†
×
[
δ
[B
A D0Y
C] − isBC(βBCA + δ[BA βC]DD + µM [BA Y C])
]}
+
1
2
Re tr
{
[(Di + isǫikDk)Y
A]†(Dj − isǫjlDl)Y A + (i↔ j)
}
, (3.6)
which clearly vanish if the BPS equations (3.2) are imposed. Note that from the spatial component
of the energy-momentum conservation, the force density F i at a given spacetime point (t, xi) is
F i = ∂
∂t
T i0 = ∇jT ij. (3.7)
Thus, vanishing Tij is a sufficient condition of vanishing force everywhere and any static multi-BPS
solitons (or anti-solitons) with vanishing Tij are noninteracting, at least at the classical level.
3.2 BPS objects in the massless theory
For the original ABJM theory without mass deformation (µ = 0), it has been shown that the BPS
equation (3.3) is equivalent to [14]
(D1 − isD2)Y 1 = 0,
Y A = vAI, (A = 2, 3, 4),
B = Bˆ = −s
2
(
2πv
k
)2
[Y 1, Y †1 ], (3.8)
where vA (A = 2, 3, 4) are constants and v2 =
∑4
A=2 |vA|2. Note that all the constraints in (3.3)
are completely solved. The Eq. (3.8) is nothing but the Hitchin equation [32] which is a half-BPS
equation of super Yang-Mills theory with the identification gYM =
2piv
k
. This identification has
appeared in the context of the compactification of ABJM theory (from M2 to D2) [33, 34, 35].
See also Refs. [36, 37, 38].
Under a suitable ansatz [14], Eq. (3.8) is reduced to (affine-) Toda-type equation,
∂∂¯ ln |ya|2 = 4v
(
2π
k
)2 N−1∑
b=1
Kab
(
|yb|2 − |G(z)|
2
|cb|2
∏N−1
c=1 |yc|2
)
,
yM =
G(z)∏N−1
a=1 ya
, (3.9)
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where G(z) is an arbitrary holomorphic function. For SU(2), this becomes to Liouville-type
equation (with G = 0) or Sinh-Gordon-type equation (with G =const.).
3.3 BPS objects in the mass-deformed theory
In the mass-deformed theory (µ 6= 0), the constraint equations in (3.3) have not been solved
completely in general except N = 2, 3. Here we briefly summarize U(2)×U(2) case discussed in
[14] and generalize the result to U(N)×U(N) case.
Solving the constraints in (3.3), it turns out that scalar fields can be written in the form
Y 1 =
√
kµ
2π
(
0 f
0 0
)
, Y 2 =
√
kµ
2π
(
a 0
0
√
a2 + 1
)
,
Y 3 = Y 4 = 0, (3.10)
while the magnetic fields take the diagonal form
B = Bˆ = −2sµ2
(
a2(1 + |f |2) 0
0 (a2 + 1)(1− |f |2)
)
, (3.11)
where a is a nonnegative constant. Combining these two using the equations in the first line of
(3.3) results in
∂∂¯ ln |f |2 + i(∂∂¯ − ∂¯∂)Ω = µ2 [(2a2 + 1)|f |2 − 1] , (3.12)
where Ω is the phase of the scalar field, f = |f |eiΩ. This is the well-known vortex equation
appearing in Maxwell-Higgs theory. Note that the phase of the scalar field Ω in two spatial
dimensions can be decomposed into a smooth part Ωreg and a singular part,
Ωsing = − i
2
ln
n∏
p=1
z − zp
z¯ − z¯p . (3.13)
This gives the 2-dimensional Green’s function
i(∂∂¯ − ∂¯∂)Ω = i(∂∂¯ − ∂¯∂) (Ωreg + Ωsing) = −1
4
∇2 ln
n∏
p=1
|z − zp|2 = −π
n∑
p=1
δ(~x− ~xp), (3.14)
where n is interpreted as vorticity of multi-vortex configurations.
The energy of the solution is a sum of two terms,
E =
nkµ
2a2 + 1
+
∣∣∣∣kµ2πB0 tr
∫
d2x
∣∣∣∣ , (3.15)
where B0 = −4sµ2a2(a2 + 1) is the asymptotic value of the magnetic field in (3.11). Therefore
solutions with nonzero a may be interpreted as vortices in a constant magnetic field.
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Considering the vacuum configurations (2.14), we can generalize the ansatz (3.10) (with a = 0)
to that of U(N)× U(N) case,
Y 1 =
√
kµ
2π


0m1×(m1+1)
. . .
0mI×(mI+1)
f1M†(mI+1)1
. . .
fKM†(mI+K)1


, (3.16)
where fk’s (k = 1, · · · , K) are arbitrary complex functions. We fix the remaining complex scalar
fields Y 2,3,4 as the vacuum configurations given in (2.14). This ansatz satisfies all constraints in
(3.3). Combining the Gauss constraints (2.21), (2.22) and the first order differential equations in
the second and the third lines of (3.3), one can reduce the gauged Cauchy-Riemann equation of
Y 1 in (3.3) to the second order differential equations,
∂∂¯ ln
|fk|2
nk∏
p=1
|z − z(k)p |2
= µ2(|fk|2 − 1), (k = 1, · · · , K), (3.17)
where nk and z
(k)
p denote the vorticity and the position of the zeroes of fk, respectively. Its energy
is given by
E = kµ
K∑
k=1
mk(mk − 1)nk
2
. (3.18)
It is worth noting that the angular momentum (2.28) of the solution vanishes contrary to
the usual spinning BPS vortices in Chern-Simons Higgs theory [19, 21]. This is because fields
do not carry both charge and vorticity, i.e., either D0Y
A or DiY
A vanishes in this case. In the
next section, however, we will see that solutions with less supersymmetries have nonzero angular
momenta.
4 Vortex-type Objects with N=2 Supersymmetry
In this section we consider vortex-type N = 2 BPS solitons without and with mass deformation.
As we see in Fig.1, we can obtain N = 2 configurations by imposing one of the following conditions
(i) ω12 = 0,
(ii) ω13 = 0,
(iii) γ1ω12 = ω34, γ
1ω14 = ω23,
(iv) γ1ω13 = ω24, γ
1ω14 = ω23
13
in addition to the condition γ0ωAB = isABωAB (sAB = ±1). Here we only consider the case (i).
We will treat the case (ii) in Appendix A.1. In the undeformed ABJM theory, the cases (i) and
(ii) are equivalent due to the SU(4) R-symmetry. However, in the mass-deformed case, they are
inequivalent in general. As discussed in section 6, the BPS solutions of cases (iii) and (iv) are
equivalent to those of N = 3 BPS equations.
The brane interpretations of the cases (i) and (ii), which are equivalent in the massless case,
were given in section 5.3 of the Ref. [16]. These cases are interpreted as the configuration of
intersecting M2-branes spanning two complex coordinates. If we assume that the intersecting
M2-branes span only one complex, then the corresponding configuration becomes that of N = 3
BPS equations discussed in the previous section.
4.1 BPS equations and bound
When ω12 = 0, the Killing spinor equation (3.1) leads to the following BPS equations:
(D1 − isD2)Y 1 = 0, (D1 + isD2)Y 2 = 0,
D1Y
p = D2Y
p = 0, (p = 3, 4),
D0Y
1 + is(β212 + µY
1) = 0, D0Y
2 − is(β121 + µY 2) = 0,
D0Y
p + is(β2p2 − β1p1 ) = 0,
β3a3 = β
4a
4 (a = 1, 2), β
43
4 − µY 3 = β343 − µY 4 = 0,
β231 = β
24
1 = β
13
2 = β
14
2 = β
14
3 = β
24
3 = β
13
4 = β
23
4 = 0. (4.1)
Compared with the N = 3 BPS equations (3.3), the main difference is that we have nontrivial
equations for Y 2: a gauged Cauchy-Riemann equation of Y 2 field and some constraint equations
involving Y 2. We expect that the Y 2 field is allowed to have some nontrivial configurations
instead of vacuum configurations in the N = 3 BPS case (3.3). The obtained BPS objects would
be in general different from the Maxwell-Higgs type vortices of the half BPS case. In special case
(constant Y 2), they would reduce to the N = 3 BPS objects discussed in the previous section.
As we did in section 3, we can obtain the energy bound by reshuffling terms in the energy
expression,
E =tr
∫
d2x
[∑
a,p,q
∣∣∣δ[qp D0Y a] − isqa (βqap + δ[qp βa]AA + µM [qp Y a])∣∣∣2 + (1, 2↔ 3, 4)
+
∣∣(D1 − isD2)Y 1∣∣2 + ∣∣(D1 + isD2)Y 2∣∣2
+
1
2
∑
p=3,4
(|(D1 − isD2)Y p|2 + |(D1 + isD2)Y p|2)
]
+ is tr
∫
d2xǫij∂i(Y
†
1DjY
1 − Y †2DjY 2)− sµ tr
∫
d2x J012, (4.2)
14
where a = 1, 2 and p, q = 3, 4. By requiring the square terms to vanish, we reproduce the BPS
equations (4.1). The first term in the last line is a boundary term which vanishes for any well-
behaved field configuration. Note that in the mass-deformed theory with µ 6= 0, unlike the half
BPS case in (3.5), the energy is not bounded by the U(1) charge Q but the global SU(2) R-charge
R12 (2.31),
E ≥ |µtrR12|. (4.3)
The stress components of energy-momentum tensor (2.25) are also written as
Tij = ηij Re tr
{[
δ[qp D0Y
a] + isqa(β
qa
p + δ
[q
p β
a]A
A + µM
[q
p Y
a])
]†
×
[
δ[qp D0Y
a] − isqa(βqap + δ[qp βa]AA + µM [qp Y a])
]
+ (1, 2↔ 3, 4)
}
+
1
2
Re tr
{
[(Di + isǫikDk)Y
A]†(Dj − isǫjlDl)Y A + (i↔ j)
}
, (4.4)
which vanishes everywhere on imposing N = 2 BPS equations (4.1). As discussed in (3.7) this
pointwise absence of force guarantees that the obtained BPS objects are classically noninteracting.
4.2 BPS objects in the massless theory
In the massless case (µ = 0), the energy (4.2) is bounded by the total derivative term, as already
discussed in the massless half-BPS case,
E =
∣∣∣∣is tr
∫
d2xǫij∂i(Y
†
1DjY
1 − Y †2DjY 2)
∣∣∣∣ , (4.5)
which vanishes for any well-behaved field configuration. In this case, we expect that there is no
regular soliton solution with finite energy.
With a U(N)×U(N) gauge transformation, we may assume without loss of generality that Y 3
is diagonal,
Y 3 =


v31In1
v32In2
. . .
v3kInk

 , (0 ≤ v31 < v32 < · · · < v3k). (4.6)
From the constraints β343 = β
43
4 = 0 (with µ = 0) in (4.1), Y
4 has to be also diagonal. Applying
the other constraints β143 = β
24
3 = 0 in (4.1), we notice that Y
1 and Y 2 are block diagonal and, in
each block diagonal subspace, Y 4 should be proportional to the identity. Then, for each subspace
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where Y A = vAI (A = 3, 4), nontrivial BPS equations in (4.1) become
(D1 − isD2)Y 1 = 0, (D1 + isD2)Y 2 = 0,
B = −2s
(
2π
k
)2 {
[Y 1Y †2 , Y
2Y †1 ] + v
2
(
[Y 1, Y †1 ]− [Y 2, Y †2 ]
)}
,
Bˆ = −2s
(
2π
k
)2 {
[Y †2 Y
1, Y †1 Y
2] + v2
(
[Y 1, Y †1 ]− [Y 2, Y †2 ]
)}
, (4.7)
where v2 =
∑
A=3,4 |vA|2. When one of Y 1 and Y 2 is assumed to be proportional to identity in
each block diagonal subspace, (4.7) reduce to (3.8) in the N = 3 BPS case.
We consider some simple solutions of (4.7) with s = 1 for definiteness. For U(2)×U(2) case,
we take an ansatz,
Y 1 =
(
0 d
e 0
)
, Y 2 =
(
a 0
0 b
)
. (4.8)
Plugging (4.8) into (4.7) we obtain
ab = C, de = D,
∂∂¯ ln |b|2 − i(∂∂¯ − ∂¯∂)Ωb =
(
2π
k
)2
(|b|2 − |a|2)(|d|2 + |e|2), (4.9)
∂∂¯ ln |d|2 − i(∂∂¯ − ∂¯∂)Ωd =
(
2π
k
)2
(|a|2 + |b|2 + 2v2)(|d|2 − |e|2), (4.10)
where Ω’s are phases of scalar fields, b = |b|e−iΩb , d = |d|eiΩd and C,D are arbitrary constants.
For Y 2 = I, a = b, (4.9) and (4.10) are reduced to the Liouville-type equation (with D = 0) or
Sinh-Gordon-type equation (with D = const) which we obtained in subsection 3.2 as N = 3 BPS
configurations. On the other hand, with a = e = v = 0, the equations are further simplified to
∂∂¯ ln |b|2 − i(∂∂¯ − ∂¯∂)Ωb =
(
2π
k
)2
|b|2|d|2,
∂∂¯ ln |d|2 − i(∂∂¯ − ∂¯∂)Ωd =
(
2π
k
)2
|b|2|d|2, (4.11)
which again become a Liouville equation with b = d.
4.3 BPS objects in the mass-deformed theory
4.3.1 U(2)×U(2) gauge group
Let us first consider the simplest U(2)×U(2) case. By the same reasoning developed in [14] to
obtain reduced equations in N = 3 BPS case (3.12), it is readily shown that the constraint
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equations in (4.1) lead us to put Y 3 = Y 4 = 0 for nontrivial solutions. Then we are left with
(D1 + iD2)Y
1 = 0, (D1 − iD2)Y 2 = 0,
D0Y
1 − i(β212 + µY 1) = 0, D0Y 2 + i(β121 + µY 2) = 0, (4.12)
as well as the Gauss’ laws (2.21) and (2.22). Comparing with the half-BPS case, we have nontrivial
equations for Y 2 in addition to Y 1 and they are coupled to each other.
We proceed by adopting a simple ansatz from the broken vacuum (2.14). More specifically, in
U(2)×U(2) case, we consider
Y 1 =
√
kµ
2π
(
0 d
0 0
)
, Y 2 =
√
kµ
2π
(
0 0
0 b
)
, Y 3 = Y 4 = 0, (4.13)
which is actually the same ansatz used in the previous section to obtain (4.11). Moreover, com-
paring with the ansatz (3.10) employed in half-BPS case, we see that (4.13) has essentially the
same form as (3.10) (with a = 0). Here, thanks to the less supersymmetries, Y 2 is no longer a
constant. We will see below that this freedom allows us to have richer solutions with nonvanishing
angular momenta.
With the above ansatz, the Gauss’ laws (2.21) and (2.22) take simple diagonal forms,
B = 2µ2
(−|d|2(1− |b|2) 0
0 |b|2(1− |d|2)
)
, Bˆ = 2µ2
(
0 0
0 |b|2 − |d|2
)
, (4.14)
from which we can write the corresponding gauge fields as
A =
(
u 0
0 v
)
, Aˆ =
(
0 0
0 vˆ
)
, (4.15)
where
B =
2
i
(∂A¯− ∂¯A), Bˆ = 2
i
(∂
¯ˆ
A− ∂¯Aˆ). (4.16)
Substituting (4.15) and (4.13) into the first line of BPS equations (4.12) we have
u¯− ¯ˆv = i∂¯lnd, v − vˆ = i∂lnb. (4.17)
Inserting (4.17) into the magnetic field (4.16) and comparing it with (4.14), we obtain two equa-
tions for scalar fields
∂∂¯ ln
|b|2
nb∏
p=1
|z − zp|2
= µ2|d|2(|b|2 − 1), (4.18)
∂∂¯ ln
|d|2
nd∏
q=1
|z − z′q|2
= µ2|b|2(|d|2 − 1). (4.19)
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The energy bounded by the R-charge (4.3) is rewritten as
E =
kµ3
π
∫
d2x
[|b|2(1− |d|2) + |d|2(1− |b|2)] . (4.20)
The reduced equations (4.18) and (4.19) have been considered in self-dual U(1)×U(1) Chern-
Simons system with two scalar fields [25], which may be considered as the abelian part of the theory
under consideration. Let us analyze the equations in the present setting. From the expression of
the energy (4.20), it follows that there are two classes of boundary conditions at spatial infinity,
|b(∞)| = |d(∞)| = 1, |b(∞)| = |d(∞)| = 0, (4.21)
which correspond to topological and nontopological solutions, respectively. At every vortex point
z = zp, z
′
q, singlevaluedness of the fields requires their amplitudes to vanish, |b(zp)| = |d(z′q)| = 0.
(If nb = 0 or nd = 0, the corresponding amplitudes need not vanish.) Depending on the vorticity,
nontopological solutions can further be classified as nontoplogicalQ-balls (nb = nd = 0), Q-vortices
(nb 6= 0 and nd 6= 0), and their hybrids (nb 6= 0 and nd = 0).
These gauged vortices carry diagonal components of magnetic fluxes of which the contributions
come from the spatial infinity,
Φ =4
∮
|xi|→∞
dxi


∂iln
|b|∏nb
p=1 |x− xp|
0
0 −∂i ln |d|∏nd
q=1 |x− xq|

 , (4.22)
Φˆ =4
∮
|xi|→∞
dxi

0 0
0 ∂i ln
|b|∏ndq=1 |x− xq|
|d|∏nbp=1 |x− xp|

 . (4.23)
We parameterize the asymptotic behaviors of the fields as
|b| ∼ |xi|−αb , |d| ∼ |xi|−αd, (4.24)
where αb and αd are positive constants for nontopological solutions, while αb = αd = 0 for
topological ones. Then the magnetic fluxes (4.22)–(4.23) become
Φ =2π
(−nb − αb 0
0 nd + αd
)
, Φˆ = 2π
(
0 0
0 −nb − αb + nd + αd
)
. (4.25)
For the toplogical vortices satisfying the first boundary condition in (4.21), the fluxes are quantized
by the integer-valued vorticities nb and nd, as αb and αd are zero.
In Chern-Simons gauge theories, the Gauss’ laws (2.21)–(2.22) with the help of the conserved
currents (2.18) imply that
Q =
k
2π
Φ, Qˆ =
k
2π
Φˆ, (4.26)
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and hence the flux carrying objects are also charged. Since the energy of N = 2 BPS solitons is
bounded by the trace of R-charge (4.2)–(4.3), they carry R-charge (2.31) as well,
R12 =
kµ2
π
∫
d2x
(|d|2(1− |b|2) 0
0 |b|2(1− |d|2)
)
=k
(
nb + αb 0
0 nd + αd
)
. (4.27)
As we mentioned above, a notable difference from the N = 3 BPS case is that the solution
carries nonzero angular momentum in the present case. In this regard, note in particular that both
D0Y
a and DiY
a (a = 1, 2) are not zero from the BPS equations (4.12). Therefore the angular
momentum (2.28) does not vanish,
J = − k
2π
∫
d2x ǫijxi
[
(vj − ∂jΩd)B11 + (uj + ∂jΩb)B22
]
. (4.28)
The explicit value of J can be computed for rotationally symmetric solutions as seen below.
For rotationally symmetric configurations we take the ansatz
Ωb = nbθ, Ωd = ndθ, (4.29)
as well as
ui = −ǫij x
j
r2
ur(r), vi = −ǫij x
j
r2
vr(r). (4.30)
Then after a straightforward calculation (see also [25]) we find
J = k(αbαd − nbnd). (4.31)
For topological vortices, the U(2)×U(2) gauge symmetry is spontaneously broken to U(1)×U(1).
Since the fundamental group of the vacuum manifold is computed as π1(U(2)×U(2)/U(1)×U(1)) =
π1(U(1)× S2 × U(1) × S2) = Z × Z, the stability of the composite of two static vortices is topo-
logically guaranteed. Q-balls and Q-vortices are generated in the symmetric phase of which the
vacuum has trivial topology and their stability should be examined energetically [39]. The mass
of the transverse scalar fields Y A and that of the fermions ψA are all µ from (2.8) and (2.7). Since
the minimum energy to produce Q-balls and Q-vortices of R-charge R12 is given by (4.3), the rest
energy to produce the scalar or fermion particles of the R-charge R12 is exactly the same as the
minimum energy of Q-balls orQ-vortices of the same amount of R-charge. Therefore, these Q-balls
or Q-vortices are marginally stable [21] and this marginal stability is a character of Chern-Simons
Higgs theory in the BPS limit with single mass scale.
In addition to rotationally symmetric solutions, we can obtain other class of solutions of (4.18)
and (4.19) for a few simple cases [25]. When the |b| field takes the Higgs vacuum value |b| = 1,
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(4.18) becomes trivial and (4.19) reduces to the scalar BPS equation for the Nielsen-Olesen type
vortices
∂∂¯ ln
|d|2
nd∏
q=1
|z − zq|2
= µ2(|d|2 − 1), (4.32)
which has already been discussed in the N = 3 case; see (3.12). When d and b are parallel,
(4.18)-(4.19) become single scalar BPS equation [13] equivalent to that for the vortices in Abelian
Chern-Simons-Higgs theory [19]
∂∂¯ ln
|d|2
nd∏
q=1
|z − zq|2
= µ2|d|2(|d|2 − 1). (4.33)
This equation also supports the BPS multi-vortex-type solutions including topological vortices [19,
40] in the broken phase of lim
r→∞
|d|2 → 1, and Q-balls and Q-vortices [41] in the symmetric phase
of lim
r→∞
|d|2 → 0 [21, 41]. In this case the magnetic fluxes (4.25) are traceless so that solutions do
not carry U(1) magnetic fluxes, ΦU(1) = ΦˆU(1) = 0 in (2.24), and U(1) charge, QU(1) = QˆU(1) =
0 in (2.20). It carries, however, a fractional angular momentum. For rotationally symmetric
configurations, it is given by J = k(α2d − n2d) from (4.31). When the topological vortices are
separated from each other, the scalar amplitude is expanded near a vortex point zq as
ln |d|2 ≈ ln |z − zq|2 + aq(z − zq) +O((z − zq)2), (4.34)
and then total angular momentum is given by a sum of spin part and orbital part as
J ≈ −k|nd| − k
nq∑
q=1
|zqaq|. (4.35)
For the sufficiently large separation, aq → 0 and there remains only spin part linearly proportional
to the vorticity [42].
In addition, by evaluating the index of the differential operator associated with the appropriate
fluctuation equation, one can find that the number of free parameters of the general solutions of
(4.18) and (4.19) [25] is given by 2(nb + nd + [αb] + [αd]), where [αb] and [αd] respectively denote
the largest integer less than αb and αd.
4.3.2 U(3)×U(3) gauge group
For higher-rank gauge groups, we proceed by setting Y 3 and Y 4 to vacuum values. This is a
natural choice considering that DiY
p = 0 for all i = 1, 2 and p = 3, 4 in the BPS equation (4.1),
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which suggest no nontrivial dynamics for Y 3,4. Then from (2.14), we have the following two
possible field configurations,
(i) Y 3 =
√
kµ
2pi


1 0 0
0 0 0
0 0 0

 , Y 4 =
√
kµ
2pi


0 1 0
0 0 0
0 0 0

 ,
Y 1 =
√
kµ
2pi


0 0 0
0 0 b
0 0 0

 , Y 2 =
√
kµ
2pi


0 0 0
0 0 0
0 0 d

 ,
(ii) Y 3 = Y 4 = 0, Y 2 =
√
kµ
2pi


0 0 0
0 b 0
0 0
√
2b

 , Y 1 =
√
kµ
2pi


0
√
2d 0
0 0 d
0 0 0

 . (4.36)
For the case (i), the magnetic field profiles are calculated as
B = 2µ2

0 0 00 −|b|2(1− |d|2) 0
0 0 |d|2(1− |b|2)

 , Bˆ = 2µ2

0 0 00 0 0
0 0 |d|2 − |b|2

 , (4.37)
and then the resulting second order scalar BPS equations are the same as those in N = 2
U(2)×U(2) case, (4.18)–(4.19). The energy for these solitons, read from the R-charge, is also
given by (4.20).
For the configuration (ii), we again end up with (4.18)–(4.19). The energy and the angular
momentum, however, have different values,
E =
kµ3
π
tr
∫
d2x

2|d|2(1− |b|2) 0 00 |b|2 + |d|2 − 2|b|2|d|2 0
0 0 2|b|2(1− |d|2)


= 2kµ tr

nb + αb 0 00 1
2
(nb + αb + nd + αd) 0
0 0 nd + αd


= 3kµ(nb + αb + nd + αd),
J =3k(αbαd − nbnd), (4.38)
where the angular momentum is calculated for rotational symmetric configurations.
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4.3.3 U(N)×U(N) gauge group
For the U(N)×U(N) gauge group, based on the vacuum configurations (2.14), we consider the
following field ansatz
Y 1 =
√
kµ
2π


0m1×(m1+1)
. . .
0mI×(mI+1)
a1M†(mI+1)1
. . .
aKM†(mI+K)1


,
Y 2 =
√
kµ
2π


0m1×(m1+1)
. . .
0mI×(mI+1)
b1M†(mI+1)2
. . .
bKM†(mI+K)2


, (4.39)
where ak, bk (k = 1, ..., K) are arbitrary complex functions, and Y
3 and Y 4 are set to vacuum
values. The resulting scalar BPS equations are K pairs of coupled differential equations
∂∂¯ ln
|ak|2
na,k∏
p=1
|z − zp|2
= µ2|bk|2(|ak|2 − 1), ∂∂¯ ln |bk|
2
nb,k∏
q=1
|z − z′q|2
= µ2|ak|2(|bk|2 − 1). (4.40)
Summing over all contributions from each block in (4.39), we obtain the energy and angular
momentum
E = kµ
K∑
k=1
mk(mk − 1)
2
(na, k + αa, k + nb, k + αb, k),
J = k
K∑
k=1
mk(mk − 1)
2
(αa, kαb, k − na, knb, k), (4.41)
where the angular momentum is calculated for the rotational symmetric configuration as before.
When we choose Y 2 to the vacuum configuration by fixing bk = 1, the second order differential
equations (4.40) and the expressions of energy and angular momentum are reduced to those of
N = 3 case. In this case the supersymmetry of the corresponding BPS configuration is enhanced
to N = 3.
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5 Vortex-type Objects with N=1 Supersymmetry
As we see in Fig.1, there are four ways to obtain N = 1 BPS equations:
(i) ω13 = ω14 = 0,
(ii) ω12 = ω13 = 0,
(iii) ω13 = 0, γ
1ω12 = ω34, γ
1ω14 = ω23,
(iv) ω12 = 0, γ
1ω13 = ω24, γ
1ω14 = ω23
in addition to the condition γ0ωAB = isABωAB (sAB = ±1). In this section we only consider the
case (i). The cases (i) and (ii) are equivalent in the massless limit due to the SU(4) R-symmetry
of the undeformed theory. The corresponding configurations are interpreted as the intersecting
M2-branes spanning all the transverse coordinates [16]. We will discuss the case (ii) in the mass-
deformed theory in Appendix A.2. The BPS equations for the cases (iii) and (iv) are equivalent
to those of the N = 2 supersymmetries with conditions ω13 = 0 and ω12 = 0, respectively. We
postpone the discussions on these phenomena to section 6.
5.1 BPS equations and bound
When ω13 = ω14 = 0, the BPS equations are given by
(D1 − isD2)Y a = 0, (a = 1, 2), (D1 + isD2)Y p = 0, (p = 3, 4),
D0Y
1 + is(βC1C − 2β212 − µY 1) = 0, D0Y 2 + is(βC2C − 2β121 − µY 2) = 0,
D0Y
3 − is(βC3C − 2β434 + µY 3) = 0, D0Y 4 − is(βC4C − 2β343 + µY 4) = 0,
β341 = β
34
2 = β
12
3 = β
12
4 = 0, (s = ±1). (5.1)
Note that in this case, all four scalar fields enter the equations in a nontrivial way, i.e., satisfy the
gauged Cauchy-Riemann equations in contrast with N = 3 and N = 2 cases where only one or
two scalars have nontrivial profiles.
In accordance with (5.1), the energy expression for bosonic sector (2.26) can be reshuffled as
E =
∫
d2x tr
[ ∑
a=1,2
∣∣D0Y a − is (βAaA − 2βbab − µY a)∣∣2 + ∑
p=3,4
∣∣D0Y p − is (βAcA − 2βqpq + µY p)∣∣2
+
∑
a=1,2
|(D1 − isD2)Y a|2 +
∑
p=3,4
|(D1 + isD2)Y p|2
+ 4
(|β123 |2 + |β124 |2 + |β341 |2 + |β342 |2)
]
+ is tr
∫
d2x
[
ǫij∂i(Y
†
aDjY
a − Y †pDjY p)
]
+ sµ tr
∫
d2x j0, (5.2)
where a, b = 1, 2 and p, q = 3, 4. As we discussed previously, in the massless limit µ → 0, the
energy is bounded by the total derivative term in the fourth line of (5.2). In this section, however,
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we only consider the cases with mass deformation. For any well behaved N = 1 BPS configurations
with mass deformation, the total derivative term does not contribute to the energy and then the
energy is bounded by the U(1) charge (2.20),
E ≥ ∣∣µQU(1)∣∣ . (5.3)
By the Gauss’ law (2.21), one can say that the energy is bounded by the magnetic flux (2.24),
E ≥
∣∣∣∣kµ2πΦU(1)
∣∣∣∣ . (5.4)
The bound in (5.4) is useful when we discuss topological vortices carrying quantized magnetic flux,
and the bound in (5.3) is useful when we discuss nontopological Q-balls and Q-vortices stabilized
by conserved charge.
It is a straightforward matter to rewrite the spatial stress components of energy-momentum
tensor (2.29) as
Tij =ηij Re tr
{ [
(D0Y
a + is(βAaA − 2βbab − µY a))(D0Y a − is(βAaA − 2βbab − µY a))†
+ (1, 2, µ↔ 3, 4,−µ)]
− 4 (|β123 |2 + |β124 |2 + |β341 |2 + |β342 |2)
}
+
1
2
Re tr
{
[(Di − isǫikDk)YA]†(Dj + isǫjlDl)Y A + (i↔ j)
}
. (5.5)
Therefore, for any BPS soliton or anti-soliton configurations satisfying the N = 1 BPS equations
(5.1), the spatial stress components of energy-momentum tensor (5.5) vanish everywhere, as it
should.
5.2 BPS objects in the mass-deformed theory
The N = 1 BPS equations (5.1) include four algebraic constraints of which the number is much
less than that of the N = 2 or N = 3 BPS equations. Then even for the case of U(2)×U(2)
gauge group, it would not be feasible to solve the BPS equations in the most general way. As we
did for the N = 2 case, here we will be content with simple cases. Using ansa¨tze based on the
vacuum solutions (2.14), we investigate possible BPS solutions from the cases of U(2)×U(2) and
U(3)×U(3) gauge groups and then extend the results to the case of U(N)×U(N) gauge group.
For the case of U(2)×U(2) gauge group, the vacuum configuration (2.14) suggests
Y 1 =
√
kµ
2π
(
0 b
0 0
)
, Y 2 =
√
kµ
2π
(
0 0
0 d
)
, Y 3 = Y 4 = 0. (5.6)
up to a substitution Y 1,2 ↔ Y †3,4. Then the BPS equations (5.1) are simplified to the following
form:
(D1 − isD2)Y a = 0, D0Y a − is(βbab + µY a) = 0, a, b = 1, 2. (5.7)
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The resultant BPS equations are equivalent to those of N = 2 case in section 4. Therefore, there is
no genuine N = 1 U(2)×U(2) BPS solution within the ansatz (5.6) based on the vacuum solution.
In fact, this is natural considering that all four scalar fields have to be nontrivial for N = 1
solutions, as pointed out below (5.1), namely all four Y A’s satisfy the gauged Cauchy-Riemann
equations.
The lowest rank gauge group, for which all scalar fields are nonvanishing within the ansatz
based on the vacuum configurations, is U(3)×U(3). In this case we expect that there exist some
N = 1 BPS solutions with nontrivial configurations for all Y A’s in this gauge group. An interesting
configuration can be obtained from the following ansatz based on one of the vacuum solutions of
the U(3)×U(3) case,
Y 1 =
√
kµ
2π

0 0 00 0 a
0 0 0

 , Y 2 =
√
kµ
2π

0 0 00 0 0
0 0 b

 ,
Y 3 =
√
kµ
2π

d 0 00 0 0
0 0 0

 , Y 4 =
√
kµ
2π

0 e 00 0 0
0 0 0

 , (5.8)
where a, b, d, e are arbitrary complex functions. By the procedure similar to those in the previous
sections we obtain two pairs of coupled second order equations,
∂∂¯ ln
|a|2
na∏
p=1
|z − z(1)p |2
= µ2|b|2(|a|2 − 1), ∂∂¯ ln |b|
2
nb∏
q=1
|z − z(2)q |2
= µ2|a|2(|b|2 − 1), (5.9)
∂∂¯ ln
|d|2
nd∏
r=1
|z − z(3)r |2
= µ2|e|2(|d|2 − 1), ∂∂¯ ln |e|
2
nf∏
s=1
|z − z(4)s |2
= µ2|d|2(|e|2 − 1). (5.10)
Note that each pair is identical to (4.18)–(4.19) in N = 2 case and hence the same solutions. In the
present case, one pair of equations (5.9) lies on the (Y 1,Y 2)-plane while the other pair of equations
(5.10) lies on the (Y 3,Y 4)-plane. The energy and angular momentum of this configuration are given
by
E =kµ (na + nb + nd + ne + αa + αb + αd + αe),
J =k(αaαb − nanb + αdαe − ndne), (5.11)
where α and n are defined in (4.24) and (4.25), respectively, and we calculated the angular
momentum J for the rotationally symmetric case as before.
25
We can generalize the ansatz (5.8) of the U(3)×U(3) theory to U(N)×U(N) case as follows:
Y 1 =
√
kµ
2π


0m1×(m1+1)
. . .
0mI×(mI+1)
a1M†(mI+1)1
. . .
aKM†(mI+K)1


,
Y 2 =
√
kµ
2π


0m1×(m1+1)
. . .
0mI×(mI+1)
b1M†(mI+1)2
. . .
bKM†(mI+K )2


,
Y 3 =
√
kµ
2π


d1M(m1)1
. . .
dIM(mI)1
0(mI+1+1)×mI+1
. . .
0(mI+K+1)×mI+K


,
Y 4 =
√
kµ
2π


e1M(m1)2
. . .
eIM(mI)2
0(mI+1+1)×mI+1
. . .
0(mI+K+1)×mI+K


, (5.12)
where ak, bk (k = 1, · · · , K) and di, ei (i = 1, · · · , I) are arbitrary complex functions. Then we
have (K + I)-pairs of coupled differential equations
∂∂¯ ln
|ak|2
na,k∏
pk=1
|z − z(1)pk |2
= µ2|bk|2(|ak|2 − 1), ∂∂¯ ln |bk|
2
nb,k∏
qk=1
|z − z(2)qk |2
= µ2|ak|2(|bk|2 − 1),
∂∂¯ ln
|di|2
nd,i∏
ri=1
|z − z(3)ri |2
= µ2|ei|2(|di|2 − 1), ∂∂¯ ln |ei|
2
ne,i∏
si=1
|z − z(4)si |2
= µ2|di|2(|ei|2 − 1). (5.13)
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Here, the K-pairs of equations in the first line of (5.13) live on the (Y 1,Y 2)-plane and the I-
pairs of equations in the second line of (5.13) live on the (Y 3,Y 4)-plane. The energy and angular
momentum of this configuration are
E =kµ
K∑
k
mk(mk + 1)
2
(na, k + nb, k + αa, k + αb, k) + kµ
I∑
i
mi(mi + 1)
2
(nd, i + ne, i + αd, i + αe, i),
J =k
K∑
k
mk(mk + 1)
2
(αa, kαb, k − na, knb, k) + k
I∑
i
mi(mi + 1)
2
(αd, iαe, i − nd, ine, i), (5.14)
where for the calculation of angular momentum we again considered rotationally symmetric con-
figurations only.
When we fix dk = ek = 1, the ansatz (5.12) and the corresponding physical quantities are
equivalent to case of N = 2 in section 4 and hence the supersymmetry of the BPS solutions in
this case is enhanced to N = 2.
6 Absence of Vortex-type Objects with N = 5
2
, 3
2
, 1
2
Super-
symmetries
In this section, we discuss the BPS nature of half integer supersymmetries, which are obtained by
imposing the supersymmetric conditions γ1ωAB = ±ω∗AB, in addition to the conditions of integer
supersymmetries. These additional conditions deform the gauged Cauchy-Riemann equations in
the BPS equations of integer supersymmetries. From the algebraic relations of BPS equations
and the vanishing Tij condition discussed in section 3.1, we will argue that the spectrum of BPS
solitons of half-integer supersymmetries are equivalent to those of integer supersymmetries.
6.1 N=5
2
supersymmetry
As we see in Fig.1, there are two ways to obtain N = 5
2
BPS equations. In addition to γ0ωAB =
isABωAB which is necessary to get vortex-type equations, we can impose one of the following
conditions
(i) γ1ω12 = ω34,
(ii) γ1ω13 = ω24.
One of these would kill one real degree of ω12 or ω13, leaving five real independent supersymmetric
parameters. Here, we will consider the case (i). The same argument can be applied to the case
(ii) as well.
In the presence of the additional condition (i), the BPS equations are the same as those in
(3.3) except the Cauchy-Riemann equation for Y 2, which is modified as
(D1 − isD2)Y 2 = 0 −→ (D1 − isD2)Y 2 = 2β341 , (6.1)
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and a constraint β341 = 0, which is no longer zero.
It should be noted however that the resulting BPS equations do not necessarily have nontrivial
solutions with the expected number of supersymmetries. In other words, all the solutions may
have enhanced supersymmetries and hence the BPS equations are actually equivalent to those of
higher symmetries. This is indeed the case with N = 5
2
equations which are actually equivalent
to N = 3 equations. To see this, we multiply (β341 )† to the deformed BPS equation (6.1) and take
trace,
tr|β341 |2 =
1
2
tr
[
(β341 )
†(D1 − isD2)Y 2
]
=
1
2
(∂1 − is∂2)tr
[
(β341 )
†Y 2
]
+
1
2
tr
[
β124 (D1 − isD2)Y †3 + (β342 )†(D1 − isD2)Y 1 − β123 (D1 − isD2)Y †4
]
. (6.2)
Note that each term in the second trace vanishes due to the BPS equations for Y 1, Y 3, Y 4 in (3.3)
and there remains only the first term. But tr
[
(β341 )
†Y 2
]
= −tr[(β342 )†Y 1], which again is zero
thanks to the constraint β342 = 0. Therefore we reobtain the the missing constraint,
β341 = 0, (6.3)
which results in N = 3 equations.
At this point, it is worth examining the BPS nature of N = 5
2
from the point of view of
the stress components of energy-momentum tensor, Tij. In section 3.1, we discussed the relation
between force and stress components of energy-momentum tensor. From (3.7), we read vanishing
Tij as a sufficient condition for noninteracting BPS solitons. The terms in the spatial stress
components of energy-momentum tensor (2.25) can be reshuffled as
Tij =
1
3
Re tr
{
ηij
[(
δ
[B
A D0Y
C] + isBC(β
BC
A + δ
[B
A β
C]D
D + µM
[B
A Y
C])
)†
×
(
δ
[B
A D0Y
C] − isBC(βBCA + δ[BA βC]DD + µM [BA Y C])
)]
+ ((Di + isǫikDk)Y
A)†(Dj − isǫjlDl)Y A + ((Di − isǫikDk)Y A)†(Dj + isǫjlDl)Y A
− (is)i+j [((D1 − isD2)Y a + 2ǫabβ34b )†(D1 + isD2)Y a
+ ((D1 + isD2)Y
p + 2ǫpqβ12q )((D1 − isD2)Y p)†
+ 2ǫab(β34a )
†(D1 + isD2)Y
b + 2ǫpqβ12p ((D1 − isD2)Y q)†
]
− 4ηij |β341 |2
}
, (6.4)
where a, b = 1, 2 and p, q = 3, 4. On imposing the original form of N = 5
2
BPS equations, all
terms except the last term vanish and we are left with
Tij = −4
3
ηijtr|β341 |2. (6.5)
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As seen above, however, the consistency of the equations requires (6.3) and it precisely corresponds
to the condition that the stress tensor should vanish to have noninteracting BPS solitons. We will
see that this kind of structure reappears in other cases with half-integer supersymmetry. In fact,
it turns out that the manipulation of the stress tensor is quite a useful tool to obtain consistency
conditions of BPS equations.
6.2 N=32 supersymmetry
There are four ways to obtain N = 3
2
BPS equations:
(i) ω12 = 0, γ
1ω13 = ω24,
(ii) ω13 = 0, γ
1ω12 = ω34,
(iii) ω13 = 0, γ
1ω14 = ω23,
(iv) γ1ω12 = ω34, γ
1ω13 = ω42, γ
1ω14 = ω23
in addition to the condition γ0ωAB = isABωAB (sAB = ±1). We will treat the case (i) and (iv).
The cases (ii) and (iii) are similar to the case (i).
6.2.1 ω12 = 0, γ
1ω13 = ω24 case
In this case the BPS equations are the same as those of the N = 2 case (4.1) except that the
gauged Cauchy-Riemann equations in the second line of (4.1) are changed to
(D1 − isD2)Y 3 = 0 −→ (D1 − isD2)Y 3 = −2β241 , (6.6)
(D1 − isD2)Y 4 = 0 −→ (D1 − isD2)Y 4 = −2β132 , (6.7)
and two algebraic constraints β241 = 0 and β
13
2 = 0 disappear. As we did in N = 52 case, we rewrite
a positive semi-definite quantity using the deformed equations (6.6) and (6.7),
tr
[|β241 |2 + |β132 |2] = −12tr[(β241 )†(D1 − isD2)Y 3 + β132 (D1 + isD2)Y †4 ]
= −1
2
(∂1 − is∂2)tr
[
(β241 )
†Y 3
]
− 1
2
tr
[
(β243 )
†(D1 − isD2)Y 1 + β134
(
(D1 + isD2)Y
2
)†]
. (6.8)
The second trace of (6.8) vanish due to the gauged Cauchy-Riemann equations in the first line of
(4.1). Moreover, since tr
[
(β241 )
†Y 3
]
= −tr[(β243 )†Y 1] and β243 = 0 still holds, the right hand side
vanishes identically. Thus two missing constraints are regained,
β241 = β
13
2 = 0. (6.9)
Substituting (6.9) into (6.6)–(6.7) the set of BPS equations for N = 3
2
supersymmetry coincides
with that for N = 2 supersymmetry. Therefore there is no solution with genuine N = 3
2
super-
symmetry.
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As before, this can be seen by considering the stress tensor. Inserting theN = 3
2
BPS equations
into the expression of Tij, we obtain
Tij = −2ηijtr(|β241 |2 + |β132 |2), (6.10)
which vanishes.
6.2.2 γ1ω12 = ω34, γ
1ω13 = ω42, γ
1ω14 = ω23 case
The supersymmetric condition for this case has an SO(3) symmetry with respect to the indices 2,
3 and 4 and it is reflected on the BPS equations:
(D1 − isD2)Y 1 = 2β423 = 2β342 = 2β234
(D1 − isD2)Y 2 = −2β341 , (D1 + isD2)Y 2 = −2β134 = 2β143 ,
(D1 − isD2)Y 3 = −2β421 , (D1 + isD2)Y 3 = −2β142 = 2β124 ,
(D1 − isD2)Y 4 = −2β231 , (D1 + isD2)Y 4 = −2β123 = 2β132 ,
D0Y
1 + is(β212 + µY
1) = 0, D0Y
2 − is(β121 + µY 2) = 0,
D0Y
3 − isβ131 = 0, D0Y 4 − isβ141 = 0,
β313 = β
41
4 = β
21
2 + µY
1, β434 = µY
3, β343 = µY
4,
β323 = β
42
4 = β
23
2 = β
24
2 = 0. (6.11)
When we set the βBCA = 0 (A 6= B 6= C 6= A), the BPS equations (6.11) are the same as those of
N = 3 case in (3.3).
One may wonder whether there is any supersymmetry enhancement due to consistency between
the equations as in the previous subsections. The answer turns out to be positive but the argument
is rather subtle in this case. We first calculate the stress tensor using (6.11),
Tij = −2
3
ηijtr
∑
A 6=B 6=C 6=A
|βABC |2. (6.12)
Note that, as in the previous cases, the summation consists of positive semi-definite terms which
are actually the missing constraints not existing in (6.11). Then one may suspect that the missing
constraints should be obtained from (6.11) by similar manipulations to (6.8). After inserting
(6.11) into (6.12), we find
Tij = −1
3
ηijtrǫijk(∂1 − is∂2)[(βiji )†Y 1], (6.13)
where i, j, k = 2, 3, 4. From this expression, we cannot directly conclude Tij = 0 because none of
the terms can be put to zero by itself. Note, however, that the terms inside the total derivative
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vanish for vacuum configurations, see (2.13). Integrating over the whole space, it then should go
to zero for finite energy configurations, i.e.,∫
d2xTij = 0. (6.14)
From (6.12), it is now obvious that each positive semi-definite term should vanish: βBCA = 0
(A 6= B 6= C 6= A). This concludes the argument that the case (iv) with N = 3/2 supersymmetry
is actually enhanced to N = 3 case.
6.3 N=12 supersymmetry
There are two ways to obtain N = 1
2
BPS equations:
(i) ω12 = 0, ω13 = 0, γ
1ω14 = ω23,
(ii) ω13 = 0, ω14 = 0, γ
1ω12 = ω34,
under the condition γ0ωAB = isABωAB (sAB = ±1). Here we will consider only the case (i). The
case (ii) is similar to case (i).
The BPS equations of the case (i) are almost the same as those of N = 1 case; the only change
is the deformation of gauged Cauchy-Riemann equations in the first line of (5.1)
(D1 − isD2)Y a = 0 −→ (D1 − isD2)Y a = 2ǫabβ34b , (a, b = 1, 2), (6.1)
(D1 + isD2)Y
p = 0 −→ (D1 + isD2)Y p = 2ǫpqβ12q , (p, q = 3, 4) (6.2)
with nonvanishing β34b and β
12
q . Like the case discussed in section 6.2.2, we cannot fix β
34
b and β
12
q
to zero by algebraic manipulations of the BPS equations. In order to figure out the BPS nature
of N = 1
2
object we calculate Tij . Applying the BPS equations into the Tij , we have
Tij = −4ηijtr
(|β123 |2 + |β124 |2 + |β341 |2 + |β342 |2)
= 2ηijtr(∂1 − i∂2)[(β341 )†Y 2], (6.3)
which is again a summation of positive semi-definite terms and, at the same time, a total derivative
of a term vanishing for vacuum configurations. Therefore we recover the missing constraints,
β34b = 0 and β
12
q = 0. Then the supersymmetry is actually enhanced to N = 1.
7 Conclusion
We investigated the vortex-type BPS equations with various supersymmetries in the ABJM theory
without or with mass-deformation. For a given number of supersymmetry, we classified distin-
guishable BPS conditions, and then obtained the BPS equations and the energy bound. As
a nontrivial consistency check of the BPS equations, we investigated the stress components of
energy-momentum tensor and showed that it vanishes. Then, we set a special type of ansatz
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which solves constraints of the BPS equations, based on the discrete vacua of the mass-deformed
ABJM theory. Using these ansa¨tze for U(N) × U(N) gauge group, we obtained several types of
BPS vortex equations with finite energy.
For the undeformed ABJM theory we obtained N = 2 BPS equations. After solving all
the constraint equations of the BPS equations for U(2)×U(2) gauge group, we showed that the
resulting equations are reduced to the Liouville-type or Sinh-Gordon-type vortex equations in
special limits.
For the mass-deformed theory with U(N) × U(N) gauge group, we obtained special types of
N = 3, 2, 1 BPS configurations. In constructing these configurations, we used ansa¨tze based on
the vacuum solutions to solve the complicated constraint equations and to obtain finite energy
configurations. Our BPS vortex equations are summarized as follows:
gamma matrix projection vortex-type equation
N=3 γ0ωAB=±iωAB K-MH on Y 1, vacua along (Y 2, Y 3, Y 4)
N=2 γ0ωAB=±iωAB, ω12 = 0 K-pairs of CDE on (Y 1, Y 2), vacua along (Y 3, Y 4)
N=2 γ0ωAB=±iωAB, ω13 = 0 K-MH on Y 1, I-MH on Y 3, vacua along (Y 2, Y 4)
N=1 γ0ωAB=±iωAB, ω13=ω14=0 K-pairs of CDE on (Y 1, Y 2), I-pairs of CDE on (Y 3, Y 4)
N=1 γ0ωAB=±iωAB, ω12=ω13=0 K-pairs of CDE on (Y 1, Y 2), I-pairs of CDE on (Y 3, Y 4)
where MH denotes the vortex equations in Maxwell-Higgs theory and CDE the coupled second-
order differential equations discussed in section 4, and K and I indicate the numbers of nonvan-
ishing blocks of vacuum solutions on (Y 1, Y 2)- and (Y 3, Y 4)-planes, respectively. The two N = 1
cases are actually equivalent. See Appendix A.2 for the details.
In section 6, we also analyzed the cases of half-integer supersymmetries. With the help of the
stress tensor Tij, we showed that the supersymmetries are actually enhanced to integer ones. In
other words, the BPS equations with N = 5
2
, N = 3
2
, and N = 1
2
supersymmetries are respectively
equivalent to those of N = 3, N = 2 or 3 (depending on the supersymmetry conditions), and
N = 1 supersymmetries.
The BPS configurations of the N = 3, 2, 1 BPS vortex equations in the undeformed ABJM
theory were interpreted as intersecting M2-branes spanning one, two, and four complex coordinates
in transverse directions, respectively [16]. However, the brane interpretation of the BPS vortex
equations in the mass-deformed ABJM theory in M-theory (k ≪ N 15 ) is unclear up to now,
though the configuration of the N = 3 vortex equations in the Maxwell-Higgs theory obtained
in section 3 can be identified with D0-branes in type IIA string theory (N
1
5 ≪ k ≪ N) [15]. In
this paper, we obtained some pairs of coupled differential equation, which can be reduced to the
vortex equations in Maxwell-Higgs theory or Chern-Simons matter theories, in special limits of
the N = 2, 1 vortex-type BPS equations. These pairs of coupled differential equation reflect the
complicated vacuum structure [29, 31] of the mass-deformed ABJM theory. It would be interesting
if we can identify the corresponding configurations for the coupled differential equation in dual
gravity limit [43, 44, 45].
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A Vortex-type Objects with Other N = 1, 2 Supersymme-
tries
We listed the various supersymmetric cases in Fig.1 by imposing different supersymmetric condi-
tions to the supersymmetric parameters ωAB. We did not treat all of those cases in the body of
this paper. In this appendix, we briefly discuss their possible soliton objects.
A.1 N=2 supersymmetry (ω13 = 0)
• BPS equations and BPS bound : In section 4, we obtained the BPS solutions for ω12 = 0
case. Here we will treat the ω13 = 0 case (or equivalently ω14 = 0 case which is connected by field
redefinition, Y 3 ↔ Y 4). Then the BPS equations of this case are given by
(D1 − isD2)Y 1 = 0, (D1 + isD2)Y 3 = 0,
D1Y
p = D2Y
p = 0, (p = 2, 4),
D0Y
1 + isβ313 = 0, D0Y
2 − is(β121 − β323 + µY 2) = 0,
D0Y
3 − isβ131 = 0, D0Y 4 − is(β141 − β343 + µY 4) = 0,
β424 = β
24
2 = 0, β
21
2 − β414 = −µY 1, β232 − β434 = −µY 3,
β231 = β
34
1 = β
34
2 = β
14
2 = β
12
3 = β
14
3 = β
12
4 = β
23
4 = 0. (A.1)
By using the BPS equations (A.1) we can show that the energy is bounded by R-charge,
E ≥ µR24, (A.2)
where
R24 =
∫
d2x tr J024 =
∫
d2x tr
[
i(Y 2D0Y
†
2 −D0Y 2Y †2 ) + i(Y 4D0Y †4 −D0Y 4Y †4 )
]
. (A.3)
• BPS objects : As we did in previous sections, we consider special types of solutions, based the
vacuum solutions of the mass-deformed ABJM theory. From the shapes of the gauged Cauchy-
Riemanns equations in (A.1) one can naturally consider an ansatz, which is constructed from
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(5.12) by setting bk = 1 (k = 1, ..., K) and ei = 1 (i = 1, ..., I). From (5.13) we can easily read the
corresponding second order differential equations for scalar fields as
∂∂¯ ln
|ak|2
na,k∏
pk=1
|z − zpk |2
= µ2(|ak|2 − 1), ∂∂¯ ln |di|
2
nd,i∏
ri=1
|z − zri |2
= µ2(|di|2 − 1). (A.4)
The energy of this configuration is given by
E =kµ
K∑
k
mk(mk + 1)na, k
2
+ kµ
I∑
i
mi(mi + 1)nd, i
2
. (A.5)
The scalar equations in (A.4) represent two sets of Maxwell-Higgs type vortex equations living on
(Y 1, Y 2)- and (Y 3, Y 4)-planes. Each set of the equations appears in theN = 3 BPS configurations.
Since there exist only Maxwell-Higgs type of vortex equations, the angular momentum of this
configuration vanishes.
A.2 N = 1 supersymmetry (ω12 = ω13 = 0)
• BPS equations and BPS bound : If we choose ω12 = ω13 = 0, the BPS equations are
(D1 − isD2)Y a = 0, (a = 1, 4), (D1 + isD2)Y p = 0, (p = 2, 3),
D0Y
1 + is(βC1C − 2β414 + µY 1) = 0, D0Y 2 − is(βC2C − 2β323 + µY 2) = 0,
D0Y
3 − is(βC3C − 2β232 − µY 3) = 0, D0Y 4 + is(βC4C − 2β141 − µY 4) = 0,
β231 = β
14
2 = β
14
3 = β
23
4 = 0. (A.6)
Then we can write the energy bound as
E ≥ µ(R12 +R34), (A.7)
where R12 +R34 is
R12 +R34 =
∫
d2x tr (J012 + J
0
34) =
∫
d2x tr
[
i(Y 1D0Y
†
1 −D0Y 1Y †1 )− i(Y 2D0Y †2 −D0Y 2Y †2 )
+i(Y 3D0Y
†
3 −D0Y 3Y †3 )− i(Y 4D0Y †4 −D0Y 4Y †4 )
]
.
(A.8)
• BPS objects : Note that if we change the relative signatures between D1Y 2,4 and D2Y 2,4 in
the Cauchy-Riemann type equations in the first line of (A.6), they are the same as those of N=1
case with ω13 = ω14=0 (see (5.1)). Therefore the resulting second order differential equations
of this case are equivalent to the N=1 case with ω13 = ω14=0 up to substitutions bk ↔ b∗k and
ei ↔ e∗i in the ansatz (5.12). As a result, in this case we have the same BPS soliton solutions as
those of N = 1 case in section 5.
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